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CO . Abstract 

°\ 

The Cahn-Hilliard-Navier-Stokes system is based on a well-known diffuse interface 

model and describes the evolution of an incompressible isothermal mixture of bi- 
nary fluids. A nonlocal variant consists of the Navier-Stokes equations suitably 
coupled with a nonlocal Cahn-Hilliard equation. The authors, jointly with P. Colli, 
have already proven the existence of a global weak solution to a nonlocal Cahn- 
-Hilliard-Navier-Stokes system subject to no-slip and no-flux boundary conditions. 
Uniqueness is still an open issue even in dimension two. However, in this case, the 
energy identity holds. This property is exploited here to define, following J.M. Ball's 
approach, a generalized semiflow which has a global attractor. Through a similar 
argument, we can also show the existence of a (connected) global attractor for the 
convective nonlocal Cahn-Hilliard equation with a given velocity field, even in di- 
mension three. Finally, we demonstrate that any weak solution fulfilling the energy 
inequality also satisfies an energy inequality. This allows us to establish the ex- 
istence of the trajectory attractor also in dimension three with a time dependent 
external force. 
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1 Introduction 

Diffuse-interface methods in Fluid Mechanics are widely used by many researchers in 
order to describe the behavior of complex fluids (see, e.g., [H [TH] and references therein). 
A typical example is a mixture of two incompressible fluids like, e.g., oil and water. To 
describe the evolution of such a system a sufficiently simple model is the so-called H model 
(see [33] , cf. also [30], [331 S3] and references therein). This consists in a suitable coupling 
of the Navier-Stokes equations for the (average) fluid velocity u, with a Cahn-Hilliard 
type equation for the order parameter ip (i.e., the relative concentration of one fluid or 
the difference of the two concentrations). Temperature variations are neglected and the 
density is supposed to be constant. This kind of system, called Cahn-Hilliard-Navier- 
Stokes system, has been analyzed by several authors both theoretically (see, for instance, 
HI El [III [22 ESI I2S1 123 S3 EI]) and numerically (cf., e.g., E31 HH ESI EH ESI SB]). 
Generalizations to unmatched densities and compressible case have also been investigated 
(see [21 HI [12])- On the other hand, it is well know that the usual Cahn-Hilliard equation 
can be viewed as a local approximation of a nonlocal Cahn-Hilliard equation (see, for 
instance, [HI QUI 1221 1231 [2E1 1211 EB BE] ) • However, the corresponding nonlocal version of the 
Cahn-Hilliard-Navier-Stokes system has been analyzed only recently in [17]. Nonetheless 
it is worth mentioning that there exist some related works devoted to liquid-vapor phase 
transitions (i.e., the so-called Navier-Stokes-Korteweg systems) in which nonlocal energy 
functionals are considered (see [331 SS], cf. also [32])- 

More precisely, we want consider the following system (see [T7J for details) 

(fit + U ■ V<£> = AyU, (1.1) 

fi = cap- J*<p + F'(<p), (1.2) 

u t - div(u(ip)2Du) + (u ■ V)w + Vvr = /iVy? + h(t), (1.3) 

div(«) = 0, (1.4) 

in Q x (0, oo), where Q C M d , d — 2, 3, is a bounded domain with a sufficiently smooth 
boundary and the density has been taken equal to one. Here J : IR d — > R is the interaction 
kernel and 



(J*<p)(x] 



■= / J(x-y)(p(y)dy, a{x) := / J(x-y)dy, x e Q. (1.5) 

Jn Jo, 



We recall that F is the potential accounting for the presence of two phases, while v > 
denotes the viscosity, n the pressure, 2Du := Vu + (Vu) tr and h represents an external 
force acting on the mixture. 

In [T7], jointly with P. Colli, we have proven the existence of a global weak solution 
for system (II. 1| - (11. 41) endowed with the following boundary and initial conditions 

_^ = 0, « = 0, onfflx(0,T), (1.6) 

on 

w(0) = m , <p(0) = <po, in fi, (1.7) 

where n is the unit outward normal to dfl. This result has been obtained by assuming 
that F is sufficiently smooth and of arbitrary polynomial growth. In addition, we have 
shown some regularity properties of the solution provided that F satisfies a reasonable 
coercivity condition. In particular, such properties entail the validity of an energy identity 
in dimension two. However, even in this case, uniqueness is still an open issue. This is due 
to the lack of regularity of the order parameter ip which is a consequence of the presence 
of the nonlocal term in place of the usual Laplace operator acting on if (see [T7] for 
details). On the other hand, finding stronger solutions does not seem straightforward as 
well. Thus, even in two dimensions, the analysis of the (global) longtime behavior appears 
to be rather challenging. Fortunately, at least in this case, we have an energy equality so 
we have already observed that, in the autonomous case, the existence of a global attractor 
might be established by using the notion of generalized semiflow introduced by J.M. Ball 
(see [I7J Rem. 7]). This is exactly the first (and main) result of this contribution. Namely, 
if d = 2 and h does not depend on time, we prove that (ll.ll) - (ll.4p with (jl.6j) - ([1.7) defines 
a generalized semiflow which is point dissipative and possesses a compact attractor. An 
interesting consequence is that we can also prove the existence of a global attractor for 
the nonlocal Cahn-Hilliard equation with convection assuming u G L°°(Q) d is given and 
independent of time. This can be achieved even in the case d = 3 with a restriction on the 
growth of F (still including the classical smooth double- well potential). The reason is that, 
for the Cahn-Hilliard equation alone, the energy equality also holds in three dimensions. 
In addition, in this case, we can prove uniqueness so that we can define a semiflow and 
the related global attractor is connected. The last result of this paper is of interest, in 
particular, for the three dimensional nonautonomous case. Indeed, we first demonstrate 
a suitable generalization of an integral form of Gronwall's lemma. This inequality allows 
us to show that any weak solution satisfies a dissipative estimate also in dimension three. 
Moreover, we can show that there is a weak solution satisfying the energy estimate for 
any initial time on, with some growth restrictions on F if d = 3. Using this fact we can 
establish the existence of the trajectory attractor following the theory presented in 
(cf. [2Sj for the local Cahn-Hilliard-Navier-Stokes system). 



The plan of the paper goes as follows. In the next Section [2] we introduce the assump- 
tions and we briefly restate the results obtained in [17] . Then, in Section [31 we proceed 
to proving the main result by recalling first some basic notions on generalized semiflows. 
The convective nonlocal Cahn-Hilliard equation case is discussed in Section HJ while the 
generalized Gronwall lemma and the dissipative estimate are proven in Section |5j The 
final Section |6] is devoted to the existence of the trajectory attractor. 

2 Functional setup and known results 

For d = 2, 3 we introduce the classical Hilbert spaces for the Navier-Stokes equations (see, 

e.g., M 2 

G div := {u G C^(ny : div(u) = of W , 

and 

V div := {u E Hl(Sl) d : div(u) = 0}. 

We also set H = L 2 (Q), V = H 1 ^) and denote by || ■ || and (•, •) the norm and the scalar 
product, respectively, on both H and Gdiv H will also be used for L 2 spaces of vector or 
matrix valued functions. The notation (■, ■) will stand for the duality pairing between a 
Banach space and its dual. Vdiv is endowed with the scalar product 

(u, v) Vdiv = (Vw, Vv), Wu, v G V div . 

Let us also recall the definition of the Stokes operator A : D(A) HGdiv — > Gdiv in the case 
of no-slip boundary condition ( 11. 6p . i.e. A = —PA with domain D(A) = H 2 {VL) d fl Vdiv, 
where P : L 2 (Q) d — > Gdiv is the Leray projector. Notice that we have 

(Au, v) = (u, v) Vdiv = (Vm, Vu), Vm G D(A), Vv e V div . 

We also recall that A' 1 : Gdiv -^ Gdiv is a self-adjoint compact operator in Gdiv and 
by the classical spectral theorems there exists a sequence Xj with < Ai < A2 < • • • 
and Xj —¥ 00, and a family of Wj G D(A) which is orthonormal in Gdiv and such that 
Awj = XjWj. We also define the map A : Vdiv x H — > V' div in the following way. For every 
u G Vdiv and every ip G H we set 

(A(u, <f), v) := (v(<p)2Du, Dv), Wv G V div , 

where v is a continuous function satisfying V\ < u(s) < z/ 2 , for all seR, with z/ l5 u 2 > 0. 
Notice that if v — 1 we have 

(A(u, <p),v) = (2Du, Dv) = (Vn, Vv), Vu, v G V div , 



and hence in this case we have A(u, tp) = Au for every u G D(A). Moreover we have 
\\ A ( u ,v)\\v> iv < V2\\u\\ Vdiv , Vm g V div , V<p e H. 

The trilinear form b which appears in the weak formulation of the Navier-Stokes equations 
is defined as usual 



b(u,v,w) = (u-V)v-w, Vu,v,w&V,ii V , 
Jn 

and the associated bilinear map B from V div x V div into V div as 

(B(u, v),w) = b(u, v, w), Vu, v , w G V div . 

We shall need the following standard estimates which hold for all u G V^w 

IliSK^H^^cllV^ll^llnll 1 / 2 , d = 3, (2.1) 

\\B{u,u)\\ v , iv <c\\u\\\\Vul d = 2. (2.2) 

The assumptions listed below are the same as in [TTJ. We report them for the reader's 
convenience. 

(Al) J G W 1 ' 1 (M d ), J(x) = J(-x), a > a.e. in fi. 

(A2) The function v is locally Lipschitz on R and there exist u\, v?, > such that 

V\ < V{s) < V2, Vs G R. 

(A3) F G C Zo ' c (R) and there exists Co > such that 

F"(s) + o(x) > c , Vs G R, a.e. x G fi. 

(A4) There exist ci > ||| JWl 1 ^) an d c 2 G R such that 

F(s) > ds 2 - 02, Vs G R. 

(A5) There exist C3 > 0, C4 > and p G (1, 2] such that 

|i 71 '(s)r<c 3 |F(s)| + c 4 , VsGR. 

Remark 1. Since F is bounded from below, it is easy to see that (A5) implies that F 
has polynomial growth of order p', where p' G [2, 00) is the conjugate index to p. Namely, 
there exist C5 > and cq > such that 

\F{s)\ <c 5 \s\ p ' + c 6 , VsGR. (2.3) 

Observe that assumption (A5) is fulfilled by a potential of arbitrary polynomial growth. 
For example, (A3)-(A5) are satisfied for the case of the well-known double-well potential 
F(s) = (s 2 - l) 2 . 



We also recall the notion of weak solution to system f l 1 . 1 j) - ( TTT4|) with fll.6p -f lL7|) . 

Definition 1. Let T > 0, h G L 2 {0,T; V' div ), u G G div , (p G H with F(tp ) G L^Q) be 
given. Then [u,<p] is a weak solution to (|l.ip ~ (|1.4p on (0,T) satisfying ( ll.6p - (ll.7p if 

• u, ip and n satisfy 



u G L°°(0,T; G div ) n L 2 (0,T; V div ), (2.4) 

u t eL 4 / 3 (0,T;Vi v ), if d = 3, 

u t eL 2 ^(0,T-XJ, V 7 g(0,1), if d = 2, 

p e L°°(0,T;H) n L 2 (0,T;V), 

^6i 4/3 (0,T;F'), if d = 3, (2.5) 

Vt eL 2 - s (0,T;V), We (0,1), if d = 2, (2.6) 

/!GL 2 (0,T;V0; 



we /iav e 



/i = aip- J*(p + F'((p), (2.7) 

and /or ever?/ if) G V, eu en/ u G V^ an ^ / or almost any t G (0, T) 

(<^> + (V/i,VV0 = («,¥? WO, (2.8) 

(«*, v) + (u(cp)2Du, Dv) + 6(w, u, v) = -{v, cpVfi) + (h, v); (2.9) 

• the following initial conditions hold 

u(0) = Wo, p(0) = ^o- (2.10) 

Remark 2. As a consequence, the total concentration is conserved. Indeed, take if) — 1 
in (ES]) so that (p t , 1) = and (tp(t), 1) = {<p , 1) for all £ G [0,T]. 

Remark 3. The initial conditions f)2.10p are meant in the weak sense. Indeed we have 
u G C w {[0,T];G div ) and <p G C w {[0,T];H). 

Assumptions (A1)-(A5) are enough to establish the existence of a global weak solution 
[1~7] . However, to prove the results of this paper, we shall need to replace (A4) with the 
following stronger assumption (compare with 0, (A2)]). 

(A6) F G C 2 (R) and there exist c 7 > 0, c 8 > and q > such that 

F"{s) + a(x) > c 7 \s\ 2q -c 8 , VsGM, a.e. x G Q. 



Thanks to (A6) further regularity properties for <p, <p t , Ut can be established and, in 
particular, the energy identity in two dimensions can be obtained. For this reason, in the 
case assumption (A6) holds, it is convenient to introduce the following 

Definition 2. Suppose (A6) holds and letT>0,h£ L 2 (Q,T;V^ iv ), u G Gdiv, ^o £ H 
with F{ifo) G L 1 (fi) be given. A couple [u,<p] is a weak solution to fll.lft - fll.4p on (0, T) 
satisfying fll.6p - fll.7ft if[u,(p] is a weak solution in the sense of Definition^ satisfying the 
further regularity property 

<peL°°(0,T;L 2+2q (a)). (2.11) 



Summing up, the main results of [T7] are contained in the following 

Theorem 1. Let h G L 2 OC ([0, oo); V^ iv ), u G Gdiv, <fo £ H such that F(<p ) G L l (£l) and 
suppose that (A1)-(A5) are satisfied. Then, for every given T > 0, there exists a weak 
solution [u,tp] (in the sense of Definition^ which satisfies the following energy inequality 
for almost all t > 

£(u(t), <p(t)) + J (2|| yf^p)Duf + || V/i|| 2 )rfr < £(u , <p ) + j (h(r),u)dr, (2.12) 

where we have set 

E(u{t)^{t)) = \\\u{t)\\ 2 + - [ [ J(x-y)((p(x,t)-v(y,t)) 2 dxdy+ [ F(<p(t)). 
A 4 Jn Jet Jn 

If (A6) holds in place of (A4) then we also have 

• there exists a weak solution [u,<p] (in the sense of Definition^) such that 

<p t G L 2 (0,T;V), if d = 2 or d = 3 and q > 1/2, (2.13) 

n t GL 2 (0,T;^J, if d = 2, (2.14) 

which still satisfies the energy inequality (12.12ft for almost all t > 0; 

• if d = 2 then any weak solution (in the sense of Definition^) is such that 

ueC{[0,oo);G div ), cpeC{[0,oo);H), 

and 

d 



dt £(u,v) + 2\\y/U(v)Du\\ 2 + ||V/i|| 2 = (h(t),u), (2.15) 



i.e., (12.12ft with the equal sign holds for every t > 0; in addition, if 

r-t+l 



/ f t+1 \ 1/2 

( sup / ||M T )llv' dr) < 00 

V t>o Jt div J 
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then the following dissipative estimate is satisfied 

£(u(t), V (t))<£(u ,<po)e- kt + F(m )\n\ + K, Vt > 0, (2.16) 

where mo = (<po, 1) and k, K are two positive constants which are independent of 
the initial data, with K depending on Q, v\, J, F, \\h\\ L 2 (0 v / \. 

Remark 4. If it G C w ([0,T];Gdi V ) and <p G C w ([0,T];H) are the weakly continuous 
representatives of the global weak solution z = [u, tp] given by Theorem [TJ then the 
energy inequality fl 2 . X 2 j) holds also for allt >0 (see Lemma [2] below). 

We conclude by observing that it is straightforward to deduce from Theorem [T] the 
following result for the convective nonlocal Cahn-Hilliard equation with a given velocity 
field. 

Corollary 1. Let u G L 2 OC ([0, oo); Vd% v r\L°°(Q) d ) be given and let (fo G H be such that 
F(ip ) G L 1 ^). Suppose that (Al), (A3), (A5) and (A6) (with q > \ if d = 3) are 
satisfied. Then, for every T > 0, there exists a weak solution tp G L 2 (0, T; V)C\H 1 (0, T; V) 
to d2HD-(ES]) on [0,T] such that (p(0) = <p and {(p(t),l) = {<p ,l) for all t G [0,T]. In 
addition, the following energy identity holds for allt >0 



d_ f\ 

dt U./0./0 




J{x-y)(<p(x,t) - <p(y,t)) 2 dxdy + f F(<p(t))) + \\Vfi\\ 2 = iwp,Vy). 

(2.17) 



3 Global attractor in 2D 

We first report for the reader's convenience some basic definitions and results from the 
theory of generalized semiflows (see [7] ) . 

Let X be a metric space (not necessarily complete) with metric d. For any A,B C X 
the Hausdorff semidistance between A and B is dist(A, B) := sup aeA inf beB d(a, b). 

Definition 3. A generalized semiflow Q on X is a family of maps z : [0, oo) — > X 
satisfying the following hypothesis 

(HI) (Existence) For each z$ G X there exists at least one z G Q with z(0) = zq. 

(H2) (Translates of solutions are solutions) If z G Q and r > 0, then z T G Q , where 
z T {t) := zit + t), for every t > 0. 



(H3) (Concatenation) If zi,Z2 G G and r > 0, with Z\{r) = -22(0), setting 

Zl{t) if < t < T, 



Z 2 {t) if t> T, 



then z G Q. 



(H4) (Upper semicontinuity with respect to initial data) If Zj G Q with Zj(0) — ¥ Zq, 
then there exist a subsequence {zj k } of {zj} and z G Q with z(0) = z such that 
Zj k (t) — >■ z(t) for each t > 0. 

If Q is a generalized semiflow and E C X, we define for every t > 

T(t)E = {z(t) : z eG with z(0) G ,5}. 

The positive orbit of 2; G £ is the set 7 + (z) = {z(t) : t > 0}. If E C X, then the positive 
orbit of .E is the set 7 + (-E) = Ut>oT(t)E. For r > we also set 

The u— limit of 2; G £/ is the set 

uj(z) :— {w G X : z(tj) — > w for some sequence tj — > 00}. 
If E C X the u— limit of -E is the set 

(^(.E 1 ) := {w G A" : =bj G £, 2^(0) G £*, 2j(0) bounded, and 3tj —$■ 00 s.t. Zj(tj) — > iy}. 

The subset A is a global attractor for the generalized semiflow £ if A is compact, 
invariant, i.e. T(t)A = A for all t > 0, and attracts all bounded subsets of Af, i.e. 
dist(T(t)£?, .4,) — )> as t — > 00, for every bounded set B C X. 

The generalized semiflow Q is eventually bounded if, given any bounded set £? C Q, 
there exists r > such that 7 r (-B) is bounded. 

Q is point dissipative if there is a bounded set £>o such that for any z E Q there exists 
t = to(z) > such that z(t) G £>o for all t > t . 

Q is asymptotically compact if for any sequence Zj G £/ with Zj (0) bounded, and any 
sequence tj — )■ 00, the sequence 2j(t,-) is precompact. 

Q is compact if for any sequence Zj G £/ with Zj(0) bounded there exists a subsequence 



z 



:ik 



such that Zj k (t) converges for every t > 0. 



Proposition 1. Let £? 6e asymptotically compact. Then Q is eventually bounded. 



Proposition 2. Let Q be eventually bounded and compact. Then Q is asymptotically 
compact. 

Theorem 2. A generalized semiflow Q has a global attractor if and only if Q is point 
dissipative and asymptotically compact. The global attractor A is unique and given by 

A = \\{u)(B) : B is a bounded subset of X} = uj(X). 

Furthermore A is the maximal compact invariant subset of X . 

We now turn to our system (ll.ll) - (ll.4p endowed with (11.61) in the case d = 2. Also, we 
suppose that h is time independent, i.e., 

h G V' dlv . (3.1) 

We first have to choose a suitable metric space where the weak solutions can be defined 
in order to construct the associated generalized semiflow. 
We therefore fix m > and introduce the metric space 

s*-m • *-* div ^ <ymi 

where 

y rn := { V G H : F(<p) G L\Q), \(<p, 1)| < m}, (3.2) 

endowed with the metric 

d(zi, z 2 ) = \\ui - u 2 \\ + \\ipi - (p 2 \\ + / F(ipi) - \ F(ip 2 ) , 

Jn Jo. 

for every z l := [u l7 (fi] and z 2 := [u 2 ,(f 2 ] in X m . 

On account of Theorem [lj let us now denote by Q the set of all weak solutions in 
the sense of Definition [2] (we shall assume (A6)) corresponding to all initial data zq : = 
[u , ifo] G X m . Our aim is to prove that Q is a generalized semiflow on X m . 

Proposition 3. Let d = 2. Suppose that (Al)-(AS), (A5), (A6) and (EHJ) hold. Then Q 
is a generalized semiflow on X m . 

Proof. It is immediate to see that Q satisfies (H1)-(H3) of Definition [3J The only property 
which is not trivial to prove is (H4). We therefore consider a sequence {zj}, with Zj := 
[uj,<Pj], of weak solutions (cf. Definition [2]) such that Zj(0) := [ujo, ifjo] — > Zq := [m ,v5o] 
in X m . Since every weak solution satisfies the energy identity, for each j G N and for 
every t > we can write 

S( Zj (t)) + f (^WyJv&^DujW 2 + ||V^-|| 2 )dr = 8(z j0 ) + / (h, Uj )dr, (3.3) 

10 



where zjq '■= Zj(0). From this identity, by recalling the definition of the energy functional 
£ and using (A1)-(A3), (A5)-(A6) we deduce that {uj} is bounded in L°°(0,T; G div ) n 
L 2 (0,T;V div ) for every T > 0, {tpj} is bounded in L°°{0,T;H) n L 2 (0,T;V) for every 
T > and {fij} is bounded in L 2 (0,T;\^) for every T > (cf. [T7] for details). From 
equations (12. 8p and (12.91) . written for each weak solution [%,<£,-], and arguing as in [IT] 
we also show that {u'j} is bounded in L 2 (0,T;V^ iv ) for every T > and that {f'j} is 
bounded in L 2 (0,T;V) for every T > 0. Therefore, we deduce that there exist u G 
L°°(0,T; G dro ) H L 2 (0,T; V^) for every T > 0, p G L°°(0,T; if) n L 2 (0,T; V) for every 
T > and /i G L 2 (0,T; V) for every T > such that, for a subsequence that we do not 
relabel, we have 



Uj — y u weakly* in L°°(0,T; Gdiv) and weakly in L 2 (0,T; Vdi V ), (3.4) 

u'j ->> u' weakly in L 2 (0, T; V^J, (3.5) 

Uj — > u strongly in L 2 (0,T; Gdiv), (3.6) 

ifj ->> cp weakly* in L°°(0, T; if) and weakly in L 2 (0, T; V), (3.7) 

$ -» tp' weakly in L 2 (0, T; 1/'), (3.8) 

^ -> <£ strongly in L 2 (0, T; If), (3.9) 

/ij -»> /i weakly in L 2 (0, T; V). (3.10) 



From ( 13. 5 p and (13. 8p we obtain 



Uj(t) — ^ «(£) weakly in G^ v , Vt > 0, (3-11) 

ipj(t)^(p(t) weakly in If, Vt > 0. (3.12) 



Indeed, for every v G V^ and every t > 0, we have 



(«J(r) -tt'(r),v)x[o,t](T)dT = (u,-(t) -u{t),v) - (u j0 -u ,v) ->- 

as j —7- oo. Hence (iij(t), v) -> (w(t), u), for every t> G V^„ and every t > so that ( 13.1 ip 
follows from the density of V d i v in Gdiv and from the boundedness of the sequence of Uj 
in L°°(0,T; H) for every T > 0. By the same argument we get ( I3.12p . By means of the 
convergences above and of the fact that each Zj is a weak solution, by passing to the limit 
in the variational formulation for Zj = [v,j, tpj] we infer that z = [u, if] is a weak solution as 
well. Furthermore, from (13. lip and (I3.12p we get z(0) = Zq. We are now left to prove the 
convergence in X m for each time t > 0. In order to do that, let us represent the potential 
F in the following form 

2 



F{8) = G(x,s)-(a(x)-f)j, (3.13) 
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where, due to (A3), function G(x, ■) is strictly convex in R for almost every x G Q. By 
means of (I3.13P the energy £ can be rewritten in the form 

E(z) = \hf + j\W - \(<P, J * V>) + / G(x, <p{x))dx, (3.14) 

for every z = [«,<£>] G Af m . As a consequence of the weak convergences (13.111) and (13.121) 
we see that we have 

\xmM£(z j (t))>£(z{t)), Vt > 0. (3.15) 

Indeed (13. 15)) follows from the weak lower semi continuity in H of the L 2 — norm and of the 

convex integral functional in G, and from the compactness of the convolution operator 

J * ■ : H —)• H (cf. (Al)). Recall that if we consider the functional C : H — > R U {+oo}, 

where 

C((p) :— / G(x,<p(x))dx, 
Ju 

for every ip G H such that G(-,<p(-)) G L 1 (fi) (£(ip) = +oo otherwise), due to the 

convexity of G(x, •) for a.e. i6ll and to the lower bound G(x, s) > —as 2 — (3, for every 

s G R and for some a, [1 > 0, then L is weakly lower-semicontinuous in H. 

Since each weak solution satisfy the energy equation (13.31) . we have 

limsup£ (zj(t)) — £(zq) — liminf / [2\\yp((pj)Duj\\ 2 + ||V/^,-|| 2 )dr + / (h,u)dr 
j-*oo ' i^°° Jo ^ V ' • ' / Jo ' ' 

<£{z{0))- J (2\\^/^)Du\\ 2 +|| V/i|| 2 )dr + f (h,u)dr 

= £(z(t)), Vt>0, (3.16) 

due to (13.4)) . (13.10)) and on account of the fact that, since Zj(0) — > z = z(0) in X m , then 
Wj-(0) -)■ m = w(0) in £*„, ^(0) ->■ y> = p(0) in # and / n %(0)) -)> J n F(ip Q ) = 
J n F((f{0)). We have also used the fact that 



W v((pj)Duj — ^ y/v(<p)Du weakly in L 2 (H). (3-17) 



This convergence easily follows from the uniform bound ||\A'(^)||oo < \fi*Li the strong 
convergence ^v(tpj) —¥ yv(Jp) in L 2 (H) and the weak convergence (13.4)) (see [T7j for 
details). Therefore £(zj(0)) — >■ £(z(0)) as j — >■ oo. Hence, from ( 13.15)) and ( 13. 16)) we get 

£(zj(t)) ->• £(z(t)) as j ^ oo, Vt > 0. (3.18) 

We know that (^(t), J * <Pj(t)) ->(<p(t),J* (fit)) for every t > 0. Then (ETTg]) yield 

1||_. /_l\I|2 i c 0ii /-mi 2 , f ry/ I ,\\j > 1 II /-\||2 



2 J«i(*)r + -f\WMV + j^G(x,^(x,t))dx -». -||n(t)|h 
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+ tII^(*)H + / G(x,<p(x,t))dx, asj^oo, Vt > 0. 
4 Jn 

Therefore, for all t > 0, we have (cf. also (I3TTTJ) - (EHS]) ) 

^\\ Uj {t) - u{t)\\ 2 + j||^(t) - ^(£)f + y G{x,^{x,t))dx - J G{x,<p{x,t))dx 
= \hj(t)\\ 2 + j lki(*)H 2 + f G{x, Vj {x,t))dx- (uj(t),u(f)) 

- ffo(t),¥>(*)) + 5ll«(*)ll a + | llv(*)ll 2 - J Q G{xM*,t))d* ~> 0, (3.19) 

as j — )• oo. Therefore we infer that 

limsup / G(x,ipj(x,t))dx < / G{x,<p{x,t))dx, Vt > 0, 
and, due to the if— weak lower semicontinuity of the integral functional C, we obtain 



G(x,ip j (x,t))dx^ G(x,tp(x,t))dx, Vt > 0. (3.20) 

From ([3~T9]) and (13T20J) we finally get 

Uj(t) — » w(t) strongly in Grf„, Vt > 0, 
<^-(t) -» <^(t) strongly in if , Vt > 0, 

and, on account of (13.131) and (13.201) . we also have 

/ Ffo(t))-> /"i%(t)), Vt>0. 

Hence z 3 -(i) — >■ z(t) in A^, for every t > 0. We thus conclude that (H4) holds. □ 

As a consequence of (12.161) we have the following 

Proposition 4. Let the hypotheses of Proposition^ hold. Then Q is point dissipative and 
eventually bounded. 

Proof. Due to (A6) there exists 7 = 7(07,03, J, \Q\) > such that £(z) > —7 for every 
z G X m . Therefore, setting £(z) := £ (z) + 7 > 0, from (I2.16P we deduce 

l\Ht)\\ 2 + h^(t)\\ 2 - kj*<p($Mt)) + I nvit)) 



2" w " 2 I|V rw " 2 Jn 

< S(z )e- kt + L m , Vt > 0, (3.21) 

where zq := [u , <p ] and L m = F(m)\Q\ + K. Now, by using (A6) again we have 
^llv^ll 2 - \{J * V, <f) + f F((p) > c 9 \\ V \\ 2 - 7, 
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and therefore 

From (I3.2ip we infer 

1 



^\\u(t)f + c 9 y(t)\\ 2 < £(z )e- kt + L m + 1 . (3.22) 



"Oil" I / F(<p(t)) < S(z )e- kt + L m + c 10 ||y?(£)|| 2 < c ll S(z )e~ kt + c n L m + c 12 , 

(3.23) 



2 ./ n 



where cio = IH^Hl 1 , ch = 1 + cio/cg and C12 = 7C10/C9. Therefore, (I3.22p and (13.231) 
entail 



|«(t)|| 2 +Mi)|| 2 + 



/ F(<p(t)) - [ F(0) < c 13 £(z )e~ kt + c 13 \L m \ + c 14 , (3.24) 



for all t > 0. Here the expressions of the positive constants C13 and C14 in terms of the 
previous constants are omitted for the sake of simplicity. Setting z(t) := [u(t), <p(t)], (I3.24p 
can be rewritten as follows 

d 2 (z(t), 0) < c 13 £(z )e- kt + c 13 \L m \ + c 14 , Vt > 0. (3.25) 

Choosing therefore R such that R^ > Ci 3 |L m | + C14, from f !3.25|) we deduce that 

d(z(t),0) < R , 

for every t > to(zo), where 

1 , c 13 £(z ) 

- log 



k Rl - (c 12 ,\L m \ + ci A y 

which means that Q is point dissipative. By using a similar argument, (I3.24p implies that 
Q is also eventually bounded. □ 

We can now prove our main result. 

Theorem 3. Let the hypotheses of Proposition\^hold. Then Q possesses a global attractor. 

Proof. By Proposition H] we know that the generalized semiflow Q is point dissipative. 
Since, again by Proposition HI Q is also eventually bounded, according with Theorem [21 
we only need to show that Q is compact (see also Proposition H]). Let us first observe that 
the compact embedding V ^■^ LP (Q) and the Aubin-Lions lemma imply 

L 2 (0 } T;V)nH 1 (0,T,V') ^^ L 2 (0,T;L p '(n)). (3.26) 

Therefore, from ( 13. 7p and ( 13 .8p we deduce that, for a subsequence that we do not relabel, 
we have 

(Pj —¥ <f, strongly in L 2 (0, T; LP (O)), 
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and hence, for a further subsequence, <Pj(t) — > (pit) strongly in LP (Q) for a.e. t G (0,T). 
Since F has polynomial growth of order p' (cf. Remark [I]), then by Lebesgue's theorem 
we deduce 

/ F{ Vj (t)) ->■ / F((p(t)), a.e. £ > 0. (3.27) 

Hence, the strong convergences (13.61) . (13.91) . which imply that for a subsequence we have 

Uj(t) — )■ u(t) strongly in Gdw, a.e. t > 0, (3.28) 

^•(t) -> y>(t) strongly in if, a.e. t > 0, (3.29) 

and (I3.27P allow to deduce that £(z,(£)) — >■ £(z(£)) for almost all t > 0. Now, setting 

£(*(*)):=£(*(*))- f (h,u(r))dr, 



we still have £(zj(t)) — >• 5(^(t)) for almost all £ > 0. Since for each j the function E{zj{-)) 
is decreasing on [0, oo) and £{z{-)) is continuous on [0, oo), then 8(zj(t)) — > £{z{t)) for 
all t > 0. Hence 

£(%(*)) -^ f («(*)), Vt > 0. (3.30) 

Now, by means of the same argument used to deduce (H4), from (13.301) we infer that 
Zj(t) — > z(t) in X m , for all t > 0. Thus Q is compact. □ 

Remark 5. In the nonautonomous case (say, h depending on time) it would be interesting 
to establish the existence of a pullback attractor along the lines of [12] (see also its 
references), where uniqueness also fails but energy identity holds. 

4 The convective nonlocal Cahn-Hilliard equation 

Here we show that the existence of the global attractor for (ll.ip -( rE2"j) . assuming that 
u G L°°(Q) d is given and independent of time for d = 2,3, can be proven arguing as in 
the previous section. 

First, recalling Corollary [TJ we prove a uniqueness result. 

Proposition 5. Let u G L 2 (0,T; L°°(Q) d fl Vdm) be given and let (p G H be such that 
F(ip Q ) G L^fi). Suppose also that (Al), (A3), (A5) and (A6) (with q > \ if d = 3 ) 
are satisfied. Then, there exists a unique weak solution if G L 2 (0,T;V) ni7 1 (0,T;y') to 
fl2"7fjl -(rX8l on (0, T) such that <p(0) = <f . 

Proof. Suppose that (fi, i = 1,2, are two weak solutions and set <p — (pi — ip 2 - Then we 
have 

(<p t , </>> + (V/i, W) = («, <^VV), V V G V, (4.1) 

15 



where (cf. E2D 

li— acp — J *(p + F'((pi) - F'((p 2 ). 

Note that (if, 1) = 0. Then consider the operator B^ := —A with domain 

D(B N ) = l(f)E H 2 {Vt) : -^ = on dtt\ . 

and take ip = B^ipit) G D(Bjy) as test function in (14. ip . Thus we obtain 

j t \\B N 1/2 ip\\ 2 + 2(a<p -J*<p + F'M - F'M, <p) = (u, tpVBjfip) 
and, thanks to (A3), we get 

^||^ 1/ V|| 2 + 2c ||^|| 2 <2\(J *(p,(p)\ + C 1 \\u\\ I ^ m 4(p\\\\B- 1/2 <p\\. (4.2) 

On the other hand, recalling (Al) and using Young's inequality,we have 

|(J*^^)|<||Bj/V»^)IIK%||<^|M| 2 + Ci||B^|^ (4.3) 

where C 2 > depends on cq and on J. Then, combining (14. 2 p with (14.31) and using once 
more the Young inequality, the standard Gronwall lemma entails that ip = 0. □ 

A consequence of Corollary [1] and Proposition [5] is that we can define a semiflow S(t) 
on y m (cf. (13. 2p ) endowed the metric 

d((pi, (p 2 ) = \\(pi - (P2W + F(ipx) - F(ip 2 ) , V(pi,(p2 e y m , 

Jn Jn 

where m > is given. 
We can now prove 

Theorem 4. Suppose that (Al), (A3), (A5) and (A6) (with q > | if d — 3) are satisfied 
and assume u G L°°(Q) d is given and independent of time. In addition, if d = 3, suppose 
that p' G [2,6) in (12.31) . Then the dynamical system (y m ,S(t)) possesses a connected 
global attractor. 

Proof. Observe that the energy identity (12.171) entails 

8{<p{t))+ [ \\Vfi\\ 2 dT = £( Vo )+ [ (u<p,V(j.)dT, 
Jo Jo 



from which we have 



£(¥>(!)) + \f || V/i|| 2 dr < £(<p ) + l -ul J* \\cpfdr, 



16 



where the energy functional £ is now given by 

£(v) := -^IMI 2 - 2^' J * v) + / G ( x ' ^(»))^» 

and w* := ||tt||L°° («)<*■ Therefore, the argument used in the previous section can be adapted 
to this case. Indeed, in order to prove the compactness of the semiflow S(t) we note 
that, if d — 3 and p' 6 (2,6], the compact injection (13.261) is valid and still implies 
(I3.27p . Hence, by using the strong convergence fj(t) — > ip(t) in H for a.e t > we have 
£(ipj(t)) — > £((p(t)) for a.e. t > 0. Setting now 

%(*)):=£(¥>(*))- [ {ucp,VfJ,)dT, 

Jo 

the strong convergence to y> in L 2 (H) for the sequence {y^} and the weak convergence 
to n in L 2 (V) for the sequence {/j,j} imply that £(ipj(t)) — > £(ip(t)) for a.e t > 0. Since, 
due to (12.1 7p the function 5(^(-)) is decreasing on [0, oo) and £(ip(-)) in continuous on 
[0, oo), then £(<pj(t)) ->■ £{<p{t)) for a// £ > 0. Hence £(<pj(t)) -> £{<p{t)) for all t > and 
arguing as in the previous section we get v 9 j(^) — ^ tyif) i n 3^m for all t > 0. Therefore, 
the semiflow 5(t) is compact. In addition, the uniqueness of solution trivially implies the 
Kneser property (see, e.g., [3 [38]) so that the global attractor is also connected. □ 

Remark 6. The connectedness of the global attractor for the full system remains an open 
issue. 

5 A dissipative estimate in 3D 

In dimension three, of course we are not able to prove an energy identity like (j2.15p . 
Actually, one could argue in the spirit of [7], under the (unproven) assumption that the 
weak solution z = [u, tp\ is strongly continuous from [0, oo) to X m . However, we shall 
not consider this possibility, but we shall construct a (generalized) notion of attractor 
(see next section). Nevertheless, we are able to prove that a dissipative estimate like 
( I2.16P can still be recovered in the three dimensional case. This the main aim of the 
present section. We observe that, since such dissipative estimate relies on the validity 
of the energy inequality (I2.12p only, then it holds for any weak solution in the sense of 
Definition [5J 

We need the following basic lemma, which is obtained by suitably modifying [TJ Lemma 
7.2]. 

Lemma 1. Let 9 E L 1 ^, T) for every T > and suppose that 

6{t) + k I 9{t)t < [ f(r)dr + 6{s) + k I 9(r)dr (5.1) 

J0 Js JO 
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holds for a.e. t, s G (0, oo), with t > s, where f G L 1 (0,T) for every T > and the 
constant k > are given. Then we have 

,-t 



9(t) < 6(s)e- k{t - s) + I e- k{t - T) f(T)dT, (5.2) 

J s 



for a.e. t, s G (0, oo), wit/j t > s. Furthermore, suppose 9 : [0, oo) — >• R zs a Ls.c. 
representative satisfing (15. ip /or a.e. f,s6 (0, oo), u>z£a t>s. Then (15. ip and (15.21) a/so 
ao/d /or even/ 1 > s and /or a.e. s > 0, and if, in addition, (15.11) holds for s = 0, then we 
have 

9(t) < 6(0)e- kt + f e- fc( '- r) /(r)dr, (5.3) 

Jo 

for all t G [0, oo). In particular, suppose f(t) = I + g(t), where I G R is a given constant 
and g G L] b (0, oo), i.e., g belongs to L ; 1 oc ([0, oo)) and is translation bounded, that is, 

rt+l 

IMLi :=sup / \g{r)\dr < oo. 
t>o Jt 



Bit) < 9(0)e- kt + 1 + J^^, (5.4) 



Then we have 

for all t G [0, oo) . 

Proof. Setting 

p(t) = 6{t) + k [ 6(r)dr - [ f(r)dr, 
Jo Jo 

from (15.11) we have pit) < p(s) for a.e. t, s G (0, oo), with t > s. We therefore deduce 

that 

p<0 in £>'((), oo) (5.5) 

Indeed, take ip G T>(0, oo), ip > 0. We have 

0< rm-M+h) r~ w-rt-h) 

Jo h Jo h 

for all h > 0. Letting h — ¥ 0, from the previous relation and by means of Lebesgue's 
theorem we get (15.51) . From (15. 5p we now get 9 + k9 < f in X>'(0, oo) and hence 

d - '- 



( J ! 

dt\ 



(~'(e- j) - I e kT f(T)dr) < in V(0, oo) 



Setting 

I 



u = e> - - 



/ e kT f(r)dr } 
Jo 



we therefore have 

co<0 in£>'(0,oo), (5.6) 
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from which we now show that 

u(t) < co(s), (5.7) 

for a.e. t, s G (0, oo), with t > s. Indeed, let {Xe}e>o, Xe > 0, be a sequence of mollifiers 
belonging to P(M) and consider the convolution u e = Xe*^, where uJ is the trivial extention 
of oj to the whole real line. Since u e G C°°(R), we have, for every tp G T>(0, oo), tp > 

/•OO /*oo p 

o) e <p = J u e (p = - J p(t)dt J Xe(t — t)u(t)cIt 

u(T)(Xe*¥>)( T ) dr 







- fuJ(r)dT [xe(t-r)<p{t)dt = ~ f 



u(r)-^(Xe*<p)(T)dT<0 (5.8) 

for e > small enough (i.e., such that Xe*<P *= ^(0, oo), that occurs when e < min(suppy9)), 
due to (15. 6p . Hence ui e (r) < for every r G (0, oo), from which we deduce u) e (t) < u) e (s), 
for every t, s G (0, oo), with t > s. Letting e — ¥ and using the fact that u e — > u a.e. in 
(0, oo), we get (15. 7p . Thus, on account of the definition of u), from (15. 7p we deduce ( 15.2)1 . 

Suppose now that 9 : [0, oo) — ¥ M. is a l.s.c. representative and that (15. ip holds for 
a.e. t, s G (0, oo) with t > s. Let iV\ be a null set such that (15. ip holds for every t, 
s G (0, oo) — iVi, with t > s. Let t G [0,oo), s G (0, oo) — N\ and take a sequence 
tj G (0, oo) — Ni such that ij — ¥ t. Write ( 15. ip for s and tj. By virtue of the lower 
semicontinuity of 9 we see that (15. ip holds also for all t > s and a.e s G (0, oo). The same 
argument can be applied to (15. 2p . Suppose in addition that the l.s.c. representative 9 
satisfies ( 15. ip also for s = and for all t G [0, oo). Take a sequence tj G (0, oo) — Nx such 
that tj — ¥ and write ( 15. ip for s = and t = tj. By virtue of the lower semicontinuity 
of 9 we get 9(tj) —¥ 9(0). Now, let N2 be a null set such that ( 15. 2 p holds for for every 
s G (0, 00) — N 2 and every t > s and take a sequence s^ G (0, 00) — N, where iV = NiUN 2 , 
such that s k -¥ 0. Write (I5.2p for s = s k and for t G (0, 00). Since 9(s k ) -¥ 9(0), by 
letting k — ¥ 00 in ( 15. 2 p we get (15. 3p . 

Finally, suppose that / has the form f(t) = I + g(t), with / G M a given constant 
and g translation bounded in L; 1 oc ([0, 00)). By observing that (see, e.g., [TJ1 Chap. XV, 
Cor. 1.7]) 

i~ k{t ~ T) g{r)dr < lb 



l-e- fe7 
we immediately get ( 15 .4p . D 

Henceforth we shall denote by u G C w ([0, 00) ;Gdiv) and ip G C w ([0,oo); H) weakly 
continuous representatives of u and <p, where [u, <p] =: z is the weak solution corresponding 
to u and p given by Theorem [TJ 



19 



The following lemma, which will be used to prove the dissipative estimate in 3D, 
ensures the lower semicontinuity of the energy S(z(-)) from [0, oo) to R. 

Lemma 2. Let z := [u,(p] be the weak solution corresponding to Uq and (fa and given by 
TheoremUl Then, the function S(z(-)) : [0, oo) — y R is lower semicontinuous. 

Proof. Let us represent the potential F as 

s 2 
F(s) = G(x,s)-a(x)—, Vs E R, a.e. x e £1, (5.9) 



where G(x, •) is strictly convex for a.e. x G Q, owing to (A3). Then, the energy S(z(-)) 
takes the form 

S(z(t)) = l -\\u(t)\\ 2 - ±(<p(t), J * <p(t)) + f G(x,<p(x,t))dx. 

Therefore, the lower semicontinuity of S(z(-)) : [0, oo) — » R is a consequence of the 
weak lower semicontinuity in Gdiv of the L 2 —norm, of the compactness of the convolution 
operator J * ■ : H — >• H and of the convexity of the integral funcional in G given by the 
last term in the relation above. □ 

In dimension three, we can prove that the same global weak solution constructed 
in Theorem [1] also satisfies energy inequality ( 12.12)) between two arbitrary times s an t 
(i.e., for a.e. s > 0, including s = and for all t > s), provided that a further growth 
assumption on F is fulfilled (not needed in dimension two). This is stated in the following 

Lemma 3. Assume (Al)-(A4) hold. In addition, suppose that (A5) holds with p e 
(6/5,2] when d = 3. Let z := [u, tp] be the weak solution (in the sense of Definition U\) 
corresponding to u$ and tpo and given by TheoremUi Then, the following energy inequality 
is satisfied 

£(z(t)) + ! (2|| V^f)Du\\ 2 + || V/i|| 2 )dr < £(z(s)) + / (h(r), u(r))dr, (5.10) 

J s J s 

for a.e. s > 0, including s = 0, and for every t > s, where fi = aip — J * (p + F'(ip). 

Proof. We can argue as in the proof of f)2.12p (see [TTl Theorem 1]) and integrate the 
energy identity satisfied by the approximate solutions z n := [u n , <p n ] of the Faedo-Galerkin 
scheme between s and t, with < s < t. When we pass to the limit as n — > oo in the 
integrated identity we have to consider the functional integral term J n F(ip n (s)) on the 
right hand side. Recalling now the bounds for the sequences {«„}, {f n } and {<p' n }, in 
particular (see [17] ) 

||^n|U 2 (0,r;V) < C, ||^nlL 4 / 3 (0,T;y') < c > VT > 0, 
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and using the Aubin-Lions lemma which ensures the compact embedding 

L 2 (0, T; V) n W 1A/3 (0, T; V) -^ L 2 (0, T; L P '{Q)), 

with p' E [2, 6) (since p G (6/5, 2]), at least for a subsequence we have 

(p n (s) ->> ¥>(s), strongly in L p '(fi), 

for a.e. s > 0. Since F has a polynomial growth of order p' (cf. Remark 1), then by 
Lebesgue's theorem we have 



Jn Ja 



for a.e. s > 0. Using now the lower semicontinuity of the norm we therefore get ( 15.101) 
for a.e s and a.e. t, with < s < t. By means of a suitable approximation of the initial 
datum ifo and of the fact that F is a quadratic perturbation of a convex function we 
deduce, as in the proof of [TTJ Theorem 1], that (15.101) holds also for s = and for a.e 
t > 0. Finally, due to the lower semicontinuity of £{z{-)) : [0, oo) — > M. (see Lemma [2]), 
we deduce that ( I5.10p holds also for every t > s. □ 

Remark 7. If the growth restriction on F does not hold, then we can only say that for 
every s > there exists a global weak solution (with initial data given at time s by the 
solution constructed in Theorem [1] with initial data given at time s = and considered at 
time s) satisfying (I5.10p for allt > s (such global weak solution not necessarily coincides, 
between s and t, with the global weak solution constructed in Theorem [T] with initial data 
given at time s = and generally depends on s). 

We can now prove the following 

Theorem 5. Suppose (Al)-(AS) and (A5)-(A6) hold. Also, let h e L 2 fe (0, oo, V^J be 
given. Then every weak solution z = [u, tp] (in the sense of Definition \$$) fulfilling the 
energy inequality ( I5.10P for a.e. s > 0, including s = 0, and every t > s, satisfies the 
dissipative inequality 

8(z(t)) < £(z )e- kt + F(m Q )\Q\ + K, (5.11) 

for allt > 0, where m = (ip Q , 1), and k, K are two positive constants that are independent 
of the initial data with K depending on Q, V\, J , F and on ||/i||r2 ( Ooo -v> \- 

tb^ ' ' din' 

Remark 8. Since, under the growth restriction p e (6/5, 2] the weak solution of Theorem 
[TJ which is constructed via a Faedo-Galerkin method, satisfies the energy inequality (I5.10p . 
then for such weak solution the dissipative estimate ( 15. lip holds. Nevertheless, the validity 
of ( 15. lip does not depend neither on the fact that the weak solution is constructed as 
in Theorem [T] nor on the growth restriction, but it relies on the validity of the energy 
inequality ( I5.10p only. 
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Proof. Let us first suppose that ((fo, 1) = and multiply equation [i = a(p — J*tp + F'(<p) 
by cp in L 2 (Q). We obtain 

(H,<p) = l [ [ J(x-y)( V (x)-^y)) 2 dxdy + (F'^), V ). (5.12) 

Observe now that, by writing the potential F as in (15. 9p and using the convexity of G(x, •), 
then, for every s£l and a.e. x G Q we have 

(F'(s) + a(x)s)s > F{s) + ^-s 2 - F(0), 



and hence 



F'(s)s>F(s)-^-s 2 -F(0). 



Thus, from (15. 12p we get 

0*,<p)>l [ [ J(x-y)(cp(x)-^y)) 2 dxdy+ [ F(<p(t)) - \\\^\\ 2 - F(0)|n|. 

(5.13) 
On the other hand, we have 

(p,(p) = (p-'p,<p)< Cp||V/i|||MI, 

where Cp is the Poincare-Wirtinger constant and Jl := t^(/j,,1). Furthermore, (A6) 
implies that there exist C 9 > and C\ Q > such that F(s) > C 9 \s\ 2+2q — C w for all 
s6K, and therefore from (15.131) we get 

\f J J(x- y)(<p{x) - <p{y)) 2 dxdy + lf F(<p) + ^ / M 2+2 « - ^|fi| 

«/ 1 £ »/ a £ t/lZ t/l£ 

< Cnllv^H 2 +||V/if + F(0)|n|, 
with Cii = ~(3|| J|| L i + Cj,). We deduce 

l -j J J( x - y)(<p( x ) - ^{y)) 2 dxdy + l -j F{<p) < ||V/x|| 2 + C 12 , (5.14) 

and therefore 

±£(s(i)) < C 13 (^-\\Vu(t)\\ 2 + ||VMt)H 2 ) +C 12 , (5.15) 

where Ci 3 = max(l, l/2AiZ/x), Ai being the first eigenvalue of the Stokes operator A. 
We point out that all constants only depend on the parameters of the problem and are 
independent of the initial data. 

Observe that the energy inequality ( I5.10p yields 

*(*(*)) + f (y l|Vn|| 2 + \\Vfi\\ 2 )dr < S(z(s)) + ±- J* \\h(r)\\ 2 VL dr : 
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for a.e s > 0, including s = 0, and every t > s. Therefore, on account of (I5.15p . we obtain 
the integral inequality 

£(z(t)) + k [ £(z(r))dr<l(t-s) + J- [ \\h(r)\\ 2 v , dr + £(z(s)) + k [ £(z(r))dr, 
Jo 2z/i J a ** Jo 

(5.16) 

for a.e. s > 0, including s = 0, and every t > s, where k = l/2Ci 3 and I = C 12 /Ci3. Since, 

by Lemma [2], £(z(-)) : [0, oo) — y M. is lower semicontinuous, then by applying Lemma [1] 

we deduce that 

£{z{t)) < £(z )e- kt + K, (5.17) 

for all t > 0, where the constant K > is given by 

Now, let z := [u, <p] be a weak solution corresponding to data z := [u , (p ] with 
mo := (y?o 5 1) 7^ for the problem with potential F and fulfilling the energy inequality 
(I5.10p for a.e. s > 0, including s = 0, and for every t > s. Then £ := [w,<y$], where 
tp = ip — m , is a weak solution with data z$ := [uo, v?o — m o] for the same problem with 
potential F and viscosity v given by 

F(s) := F(s + m ) - F(m ), ?(s) := z/(s + m ). 

The weak solution z fulfills (tp, 1) = and it can be easily checked that (I5.10p holds for 
z, namely that we have 

£{z{t)) + J (2|| VH&DuW 2 + \\VJl\\ 2 )dr < £{z{s)) + J (h(r),u)dr, (5.19) 

for a.e. s > 0, including s = 0, and for every t > s, where 

£(Z(t));= l \\u(t)\\ 2 + l - [ [ J(x~y)^(x,t)-^y,t)) 2 dxdy + f F(<p{t)) 

and /x := atp — J * <p + F'(tp) — acp — J * <p + F'(ip) = fi. Indeed (I5.19P is an immediate 
consequence of the following identity 

£(z(t))=£(z(t))-F(m )\n\, (5.20) 

and of the fact that z satisfies (15.101) . By applying the argument above we therefore 
deduce that the weak solution z satisfies (I5.17P and by combining this inequality with 
(153011 we get flBHU). □ 
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Remark 9. Assumption (A6) in Theorem [5] can be replaced by (A4) provided that either 
(i) c\ > III^IIl 1 or (ii) Cp < 2 \\^j\\ — holds. Indeed, using (A4) from (15.131) we have 

\J j ' J{x- y){<p{x) - <p{y)) 2 dxdy + ^J F{ v ) + ^|M 

<-(^J*^)H-Cp||V^||||^||<-||J|Ui||^|| 2 h-Cp||Vm||||^||. (5.21) 

From (j5.2ip it clear that, if (i) holds an inequality like (j5.14p can be obtained again. On the 
other hand, if (ii) holds then it can be proved that (see [T71 Remark 9]) ||V/i|| 2 > /3||Vv?|| 2 
for Tp = 0, where (3 = (co — 2Cp\\ VJ||li) 2 . Then an inequality like f)5.14p can still be 
recovered from f)5.2ip . Therefore, inequality ( I5.15P (with different values of C12, C13) 
holds in both cases and the same argument used in the proof can be used to show that 
every weak solution z = [u,ip] (in the sense of Definition [TJ which fulfills the energy 
inequality ( I5.10p also satisfies (15. lip . 



6 Existence of a trajectory attractor 

There exist various methods to define a generalized notion of global attractor for the 
Navier-Stokes equations in dimension three. Here we will follow the so-called trajectory 
approach presented in [TJ] (see also [T5J EH HZ]). For alternative approaches, the reader 
is referred to, e.g., [To 7 } [T5| I3"5l |4"S] and references therein. In this section our assumption 
(A6) will be slightly strengthened. We shall deal mainly with the case d = 3, though the 
case d = 2 will also be considered. 

We begin to define, for any given m > and M > 0, the functional space 

T M = {[v,ip] G L°°(0,M;G div x L p '(n))nL 2 (0,M;V dlv x V) : 

v t G L 4 / 3 (0,M;^J, ^ G L 2 (0,M;V), |(^(t),l)| < m, t G [0,M]}. 

which is a complete metric space with respect to the metric induced by the norm 

IIMII.FM = \\[ v ^}\\Loo(o,M;G div xL P '(U)) + ||[Vu, VV>]||ra(0,Af;irxH) 
+ IKIL^O.M^.J + ||'0t|U 2 (O,Af;V')- 

Then we introduce the spaces 

Kc = {[v,1>] G L? M 00); G dlv x l/(il)) n L 2 OC ([0, 00); V dtv x V) : 

Vt G Lj£([0,oo); *&,), ^ G L 2 oc ([0,oo);n, |(^(*),1)| < m, t > o}, 
J-+ = {[«, V] e L°°(0, 00; £*„ x L p '(fi)) n L 2 6 (0, 00; 7*,, x v) : 
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v t G 4 /3 (0, oo; V^), A G L 2 tb (0, oo; V), |(^(i), 1)| < m, t > o}. 

We recall that J-" fe + can be viewed as a complete metric space as Tm by endowing it with 
the metric induced by the norm 

IIMHj+ = \\[v^]\\ L ^(0,oo;G dtv xLP'(n)) + I|[VV, W]\\lt b {0, ooi HxH) 
+ H^Hl^ 3 (0,oo;^J + ll^*IU? 6 (0,oo;V')- 

We will indicate by 0m the space J-m endowed with the following sequential topology 
Definition 4. {[■?;„,■?/>„]} C Tm converges to [v,ip] G Tm as n —)• oo in @m «/ 

v n —^ v weakly* in L°°(0, M; G^ v ) and weakly in L 2 (0, M; Vdiv), 
(v n )t -^ vt weakly in L 4/3 (0, M; V^J, 

V» n -^ i> weakly* in L°°(0, M; L p '(fi)) and wea£% zn L 2 (0, M; V), 
(V>„)t -^ ipt weakly in L 2 (0, M; V). 

Then the inductive limit of {0m}m>o will be denoted by 0^ c (see [HI Chap. XII, 
Def. 1.3]). We recall that 6^ and 6^ c have countable topological bases. 

Remark 10. We have given all the definitions above with reference to the case d = 3. 
If d = 2, in the definitions of functional spaces TmiT^T^ ( an d in the correspond- 
ing norms) we replace the regularity assumptions L 4 / 3 , L x ' oc , L t [ for v t with L 2 , L 2 oc , L 2 b , 
respectively, while in Definition H] the second condition is replaced by the convergence 
(v n ) t ->> v t weakly in L 2 (0, M\ V^J. 

We now consider the union of all weak solutions with external force h (in the sense of 
Definition [2] with T = M) satisfying inequality (I5.10p on [0, M] and we denote it by JCff , 
while K^ will be the union of all weak solutions in T^, with external force h satisfying 
(lo~TUj) on [0,oo). 

The first result concerns with the (Qm, L 2 (0, M; V^))-closure of the family {JCff , h G 
L 2 (0, M; V^)}. More precisely, we prove that the graph set 

U *% x W 

is closed in the topological space 9m x Cm, where Cm is L 2 (0, M; V^ iv ) or /^(O, M; G^™) 
if d = 3, and £ M is L 2 (0, M; V^J if d = 2 (cf., for instance, [H Chap. XV, Prop. 1.1]). 



Proposition 6. Let (Al)-(A3) hold. In addition, suppose that (A5) holds with p G 
if d = 3 and with p G (1,2) if d = 2 and that (A6) holds with 2q + 2 = p'. Lei /i r , 
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L 2 (0, M, Vj iv ) and consider [v m ,ip m ] G K,¥. Let {[vm.ipmW converge to [v,ip] according 
to Definition^ If 

h m —*■ h weakly in L 2 (Q, M; V^ iv ), d = 2, 

h m — >■ h strongly in L 2 (0, M; V' div ) or h m — *■ /i weakly in L 2 (0, M; Gdiv), d = 3, 



ili 



t/ien [f , -0] G /C£ 

Proof. Consider first the case d = 3. Since [v m ,ip m ] G JCff , each weak solution z m := 
[v m ,^ ro ] is such that: (i) v m G L°°(0, M; £?*„) H L 2 (0,M; V^), (u m ) t G L 4 / 3 (0, M; V^J, 
i) m G L°°(0, M; L 2+2g (ft)) HL 2 (0, M; K), (0 m ) t G L 2 (0, M; V") (we are assuming q > 1/2), 
/i m G £ 2 (0, M; V), where \i m = aip m — J * ip m + F'(ip m ); (ii) the weak formulation ( 12. 8p . 
( 12. 9p . (12. 7p for [v m , i/) m ] and \i m holds with external force h m , and (iii) the energy inequality 
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S(z m {t))+ / (2||VK0j^ m || 2 + ||V/i m || 2 )cir < £(z m (s)) + / (h m (r),u m )dr (6.1) 



is satisfied for every m G N, for a.e. s G [0, M], including s — 0, and for every £ G [0, M] 
with t > s. Observe that the third convergence condition in Definition 3 is compatible 
with the regularity property ip m G L°°(0, M; L 2+2q (Q)) due to the constraint 2q + 2 = p'. 
Note that q > 1/2 since p < 3/2. 

Thanks to the convergences listed in Definition [4] and to the polynomial control (I2.3P 
on F it is easy to see that there exists c > such that 

\£(z m {s))\ <c, Vm, a.e. sG(0,M) (6.2) 

Hence, (16.11) and the convergence assumption on the sequence {h m } entail the control 
II V/x m ||L2( 0i M;i/) < c - Furthermore, since (/i m , 1) = (F'(^ m ),l) and since from (A4) we 
have \F'(ip m )\ p < c\F(ip m )\ + c < c|0 m | p + c which, along with the third convergence of 
Definition HJ implies that 

\\F'(i() m )\\L°°(o,M;L p (to)) - c > ( 6 - 3 ) 

we deduce that |(/x m , 1)| < c and therefore that ||/v||l 2 (o,m ; vo < c - Observe that we also 
have the estimate ||i ?/ ('0m)||L a (o,M;V) < c - As a consequence, there exists p, G L 2 (0,M; V) 
such that for a subsequence we have 

fim -^ fi, weakly in L 2 (0, M; 1/). (6.4) 

Definition H] also implies that, up to subsequences, {[« ra ,^ m ]} strongly converges to [v,ip] 
in L 2 (0, M; £?<&„ x if) and thus {^m} also converges to ip almost everywhere infix (0, M). 
We hence get that n = aip — J *ip + F'{iji) . Now, on account of Definition HI of the strong 
convergences obtained above and of (16 .4p . we can now pass to the limit in the variational 
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formulation fl2.8|) . ( 12.9)1 . (12. 7p for the weak solution [f m , Vvl with external force ft m and 
thus deduce that [v, ip] is a weak solution with external force ft. 

It remains to prove that the weak solution [v, ip] satisfies the energy inequality ( 15.101) 
on [0, M] with external force ft. To this aim we pass to the limit in ( 16. ip as m — > oo. 
We exploit the convergence h m -> ft, strongly in L 2 (0, M; V^ iv ) and, in order to pass to 
the limit in the nonlinear functional term J n F(ip m (s)) on the right hand side of (16. ip 
we notice that, due to the third and fourth convergences assumed in Definition H] and to 
(I3.26p . we have that ip n (s) — > ip(s) strongly in LP (Q) for a.e. s > and hence, since 
p > 6/5, we get J^F(ip m (s)) — > f u F(ip(s)) for a.e. s > 0. By also using ( 16 ,4p . the 
convergence 

\/is(ip m )Dv m — ^ \Jv(ip)Dv weakly in L 2 (0, M; H), 

(cf. (I3.17P ) and the lower semicontinuity of the L 2 (0, M; LL )— norm we thus get that [v, ip] 
with external force ft satisfies (15.101) for a.e. s G [0,M], including s — 0, and for every 
t G [0, M] with t > s. Hence [v, ip] G JCff . The same conclusion holds if we suppose that 
h m — *■ ft weakly in L 2 (0, M; Gdiv)- Indeed, arguing as in [TU Chap. XV, Prop. 1.1] and 
relying on the strong convergence u m — > u in L 2 (0, M; G^) we have that 

(h m (r),u m (T))dr — >■ / (/i(r),w(r))dr, as m — > oo. 

If d = 2, the situation is easier since the energy identity can be deduced from the weak 
formulation (see also [T4"l Chap. XV, proof of Prop. 1.1]). □ 

Remark 11. The main reason for assuming that ip n — *■ ip weakly* in L°°(0,M; LP (fl)) 
in Definition 3, rather then the apparently more natural convergence condition ip n ^ ip 
weakly* in L°°(0, M; L 2+2g (Q)), is in order to ensure ( 16. 2p . Obviously, as pointed out 
above, the relation p' = 2 + 2q is needed. 

Consider now ft G L 2 b (0, oo; V^ iv ) so that ft is translation compact in Lf ocw ([0, oo); V^ iv ) 
Then set 

^+(M := [{h {- + t) I r > 0}] L 2 ([ o,oo);y:. ) > 

lOC,W VL ' / ' ctai;/ 

where [-]x denotes the closure in the space V. The following property will be useful in 
the next proposition: if ft G £ 2 fe (0, oo; V£ iv ) and ft G T-t+(ho), then ft G £ 2 fc (0, oo; V^ iv ) as 
well and 

11^11^(0,00;^) < W h 0\\L* b (0,oo;V> iv y ( 6 - 5 ) 

We recall that the translation semigroup T(t) is continuous on 7{ + (ft ) and T(t)H + (ho) = 
T-L + (h ) for all £ > 0. This translation semigroup can also be defined on K.£ for any 
ft G H+(ft ). Indeed, if [v,ip] G /Cf then T(r)[v,ip] G /C^, i.e. T(r)JCff C /C^ for 
all M > r > 0. Thus, recalling [14, Chap. XIV, Props. 1.1 and 1.2], we have, for all t > 0, 

T[t)K h C /C T(4)?i , T(t)lC H+{h ^ C lC H+{ho y 
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where /C^ , h ■> := [j hen n l0 \ K,^ is the so-called united trajectory space (see [TH Chap. XIV, 
Def. 1.2]). 

We can now prove the following (see [IJ1 Chap. XV, Prop. 1.2]) 

Proposition 7. Let (A1)-(A3) hold. In addition, suppose that (A5) holds with p G (1, |] 
if d = 3 and with p6 (1 5 2) if d = 2 and that (A6) holds with 2q = p' — 2. // ho G 
Lj b (0, oo; Vj iv ) then, for all h G 7i + (h ), we have K\ C T^ and the following dissipative 
estimate holds 

TOMllLtf < Ao||b,^]IL co( o,i; Gd! „xL P '(c))e- Kt + Ai, (6.6) 

/or all t > 1 and all [v,ip] G /CjJ". Here A , k and A x are positive constants with k = 
min(l/2, Aiz/) and A , Ai depending on b>i,b>2, \i,F, J,\Q\, with Ai depending also on 

IMU&Co.oojVZJ- 

Proof. Take [f,^] G /CjJ". Then, by definition 2; := [i> ,-?//] is a weak solution corresponding 
to the external force /i satisfying (15.10P and hence (I5.16P on [0, 00). By applying Lemma 
[Owe get 

S(z(t)) < £{z{s))e- k ^ + -L /V^ (||^(r)||2 + 2^) dr, 

for a.e. s > 0, including s = and for every t > s. The constants k, I are the same as in 
the proof of Theorem In particular we have k = min(l/2, Ai^i). Thus, we deduce 

£{z{t))<e k sup £{z{s))e- kt + J- /V*^ (\\h{r)f v , +2^l)dr, (6.7) 

»e(o,i) 2z/ i Jo v *" y 

for all t > 1. Now, notice that, due to fl2.3|) . (A5) and to the assumption p' = 2 + 2g there 
exist two constants fci, k2 > depending on F and J such that 

MllvOOII^n) + M S )W 2 ~ 1) < *(*(*)) < k(IM*)l& (il) + N*)ll 2 + 1)- (6-8) 

Henceforth c will stand for a positive constant, that may vary from line to line, that 
depends on vx,Xx,F,J and \Q\. From (16.71) we obtain 

y(t)\C in) + Ht)W 2 < c(IMll ( o,i ; x^)) + \\u\\U ,x; Gd Je^ 

+ -?- r e - fc ^||Mr)||2 rfr+l + c, Vt>l, (6.9) 

2^1 Jo ** « 



which immediately leads to 

r' 

l L°°(0,oo;iy(fi)) 
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T ^ \C(o oc-Lv'm + I^W^Hi-Co.oo;^) < c(|M|£» + ] I ^ 1 1 io, ) e- fcf + FC + c, (6.10) 



for all t > 1, where we have set ||<£>||i,°° := || < ^||L oo (o,i;i<p / (n)) anc ^ ll w IU°° := ll' u IU <x '(o,iiG <ite )- 
The constant K also depends on Hq and has the following form (see (15.181) and (16. 5p ) 

1 1 .. 2 I 

By (15.101) we have, for a.e. £ > (including £ = 0), 

-t+i ,,, s i /-t+i 



jC (j\\Vu\\ 2 +\\Vri\ 2 )dT<£(z(t))-£(z(t + l)) + 1 ±-£ \\Kr)\\l,Jr. (6.11 



Furthermore, by means of (A2) and by multiplying the gradient of (12. 7p by Vy, it can be 
shown that (see [17] ) 

||VM|| 2 >MVp|| 2 -fc|MI 2 > (6.12) 

where k$ = Cq/4 and k± = 2||VJ|| 2 i. Therefore, combining (16. lip and (I6.12p with (16.81) 
and (16.91) we get 

rt+l 

/ (y||Vu|| 2 + fc 3 ||V^|| 2 Jdr< ciWipWi^ + \\u\\ 2 L ^)e- kt + cK + c, (6.13) 

from which we deduce 

\\ T (tMl l( o,oo;V) + W T (t)u\\l l{0jOO . tVdiv) < c(|M|£» + IMIi^e-** + cK + c, (6.14) 

for all t > 1. Let us come to the terms in (I6.6P containing the time derivatives. As far 
as the contribution arising from the Korteweg force term is concerned, since, if d = 3 we 
have 

IkV/iHv^ < c |MU3 (n) ||V/i|| < ciMHMi^HV/iH < cii^ii^ii^iifuv^ii, 



then, on account of (16.91) . of the fact that \\ip\\ < \\ip\\ p T L , n s + c, and of (16.111) . (1(5.131) we 



|P'/2 
i, un ai^uuuiii ui iiu. ail , ui uiic iciuij unat Hf^ll ^ IIV-^I 

get 

/ f t+1 \ 3/4 / /"'+ 1 \ 1/4 f /"*+! ^ 1/2 

(jf ll^V/iH^rfr) <c|M|}£ (w ^(j[ l^ll^r) (jf ||V/ifdr) 
< (cdkllx'oo + Iklli-Je-** + A + c) 1/4 (c(||^||^ + ||«||i 00 )e- fc4 + cK + c) V ' 
(c(IMl£» + IMlL«)e- w + cA + c) 1 2 < c(|M|£» + \\u\\ 2 Loo )e~ kt + cK + c, (6.15) 

for all t > 1. If d = 2 then we have 

yvfi\\ VL < c||^|| L 2 +2q(n) ||v/i|| = cy\\ Lp/{n) \\Vfi\\. 

Therefore, recalling (16. 9p . (16.131) and (16. lip , we obtain 

/ f t+1 \V2 / f t+1 \l/2 

(/ llvV/xll^drJ <c|^|| L oc (tit+1;LP ' (n)) ^ / || V/ifrfrj 
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< (c(IMIl'oo + \\u\\ 2 Lx )e- kt + K + c) V2 (cdM|S» + \\u\\ 2 Lao )e- kt + cK + c)^ 
<c(|^||i' oH-||w||!o )e- fe *H-cis:H-c, Vt > 1. (6.16) 

Therefore (I6.15P and (I6.16P for d — 3, 2 entail 

||T(£)(^V/i)|| L 4 /d } <c(||^||t + |H|2 oc ) e - fc4 + cir + c, Vt> 1. (6.17) 

Furthermore, for d = 3, recalling (12.11) we have 

(J t \\B(%u)\\^dr) < c||«||i2 (t , tfl . G<Jto) (^ II V«|| 2 dr) 

/ , \ 1/4 / . \ 3/4 

< (cdMI£» + lkll| c)e- H + K + cj (cdl^lli,, + |M||oc)e- fc4 + cif + c' 

< cdM|£» + IMIloc)e~ fct + cif + c, Vt > 1, 

while, for d = 2, recalling (12. 2p we obtain 

"t+l .1/9 , /•*+! 



/ r^ 1 si/2 / r l + L 

[ \\B(u,u)\\ 2 v , iv dT) <c\\u\\ L oo {tit+1 . Gdiv) ^ ||Vu|| 2 dr 

< cdl^Hi'oc + ||u|||,oo)e- fct + cK + c, Vt > 1. 

Hence, for d = 3, 2 we get 

||T(t)i3(n,n)|| L 4 /d , < c(\\<ptf LOB + \\u\\ 2 Lac )e~ kt + cK + c, Vt > 1. (6.18) 

tb \ ' ' di^' 

Recalling equation (II. 3p which can be written as 

u t + A(u, v?) + B(u, u) = — <£>V/i + /i in V^, a.e. in (0, oo), 
we deduce by comparison that 

IKIL 4 / d (t,t+l;V^J - ^2 1 1 ^ 1 1 i2 (t,t-+-l; Vdi„ ) + l|S(w,w)||i4/d( M+1;V( |.j 

+ II^V/i|| L 4/ d(4jm .^J + || /i ||l2 (M+1;V( {.J . 

Therefore, using (I6.17P and (16.181) . we obtain 

ll T ^) M *H^ d (o,oo;^j ^ c dMI£'~ + W u Wl°°) e ~ kt + cK + c, Vt > 1. (6.19) 

Now, from (11.11) . for d = 3 we can write 

\\<Pt\\v < ||V//|| + cllwll^+i) ||^|| L2 +2 g(n) < ||V/i|| +c||Vtt||||¥>|| £p / (n) , 
while, for d = 2we have 

IMIv < II V/i|| + c|| Vu|| \\ip\\ L 2+2 q{n) = || V/i|| + c||Vu|| |M| LP ' (n) . 
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The contribution from the transport term gives 

*+! sl/2 / /■*+! sl/2 

\\Vu\\ 2 y\\ 2 LP , {n) dT) <\\<p\\ LBO( t, t+1 . I * m \ < J II Vufdrj 
< c(||^||i'oc + ||n||ioc)e- fct + cK + c, Vt > 1. 
Thus, in both cases d = 2 and d = 3, we find 

\\T(t)vt\\Ll( ,oo;V>) < c(\\<p\\to + \\u\\ 2 La o)e- kt + cK + c, Vt > 1. (6.20) 

Finally, collecting f lOOj) . flBTHj) . f lQ9|) and f l6T20|) . we get (JES) with A = c and Ai = 
cK + c. D 

Propositions [6] and [7| are the basic ingredients to establish next theorem, which is the 
main result of this section. We denote by Z(ho) the set of all complete symbols in 'H+(ho), 
i.e., the set of functions C : R ->■ V' dlv , ( E L 2 0C (R; V^ iv ) such that U+T(t)( E u}(H + (h )) 7 
for all iGl, where n + is the restriction operator to the semiaxis [0, oo). To any complete 
symbol £ G Z(h ) there corresponds, by pGE, Chap XIV, Definition 2.5] (see also [TBI 
Definition 4.4]), the kernel /Q which consists of all weak solutions z : R — > Gdiv x -H" with 
external force ( (in the sense of Definition [2] with T E M.) satisfying inequality (I5.10p on 
R and that are bounded in the space J-j, (the space LF b is defined as T b with the time 
semiaxis [0, oo) replaced with R in the definition of LF b \ in the same way LF{ oc and 0; oc 
can be defined). Then, we set 

fcz(h ) ■= [J K<- 

C,&Z(h ) 

Theorem 6. Let (A1)-(A3) hold. In addition, suppose that (A5) holds with p E (|, |] if 
d = 3 and with p E (1,2) if d = 2 and that (A6) holds with 2q + 2 = p' . If 

h EL 2 b (0,oo;V^ iv ), d = 2, 
h E L 2 b (0,oo;G div ), d = 3, 

then {T(t)} acting on K,^, h % possesses the uniform (with respect to h E H(h )) trajectory 
attractor Uu{h ) ■ This set is bounded in F b and compact in 6^ c . Moreover , we have 

Uu(h ) = Uu{v.+(h a )) = K-z(h ), 

where Uu(u+(h )) ^ s ^e uniform (with respect to h E u('H+(ho))) trajectory attractor of 
the family {/C^ : h E oj(H + (ho))}, Uu{H+{ho)) EL ^-un (h )• The kernel /Q is not empty for 
any ( E Z(h ); the set JCz(h ) is bounded in LF b and compact in Qi oc . 
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Proof. The family of trajectory spaces {/C^ : h G H+(ho)} is (Qf oc ,H+(ho))— closed due 
to Proposition |6j Notice that the assumption on ho ensures that the symbol space S := 
H + (h Q ) is a compact metric space. Thanks to (16. 6 p it is easy to see that the ball 

B^(2A 1 ) := {[v,il>] G J* : ||M]||^ < 2Ai} 

is a uniformly (w.r.t. h G T-L + (h )) absorbing set for the family {/C^ : h G l-L + (h Q )}. The 
ball S JF +(2A 1 ) is compact in 9^ c and bounded in J 7 ^. The conditions of [HI Chap. XIV, 
Thm 2.1 and Thm. 3.1]) are thus satisfied and the thesis follows. □ 
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